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COM€VT.ATIONS FOR LARGE, UNIFORM CIRCULAR ARRAYS 

WITH TYPICAL ELENENT PATTERNS 

By Capers R. Cockrell 
Langley Research Center 

SUMMARY 

The general equation describing the total far-field pattern for circular 
arrays of antennas is derived in this report. By using this equation, fluctua- 
tions, obtained by varying the azimuthal angle through 500,were calculated and 
plotted as a function of circumference in wavelengths for three typical element 
patterns. A wide range of circumferences was chosen so that the graphs include 
frequencies which permit practical circular arrays for space vehicles. The 
circumference in wavelengths ranges from 1 to 60 while the number of antennas 
range from 3 to 70. 

INTRODUCTION 

An interesting as well as useful antenna configuration is that of circular 
arrayed antennas. Since the shapes of many space vehicles are circularly sym- 
metrical, the arraying of antennas in a circle is suitable and logical. This 
arrangement of antennas gives a symetrical pattern in the far field as the 
vehicle r o l l s  in space. 

The equation which describes the far-field radiation pattern for circular 
arrays is derived in detail in this report. For the particular arraying being 
discussed, the resulting expression is of Bessel form. In this Bessel expres- 
sion the argument is dependent upon the frequency and phase center of the array. 

Although the general equation is valid for an infinite number of element 
patterns, this report is concerned primarily with only three elements, as shown 
in sketch (a). 
representative of the types used in circular arrays. 

These typical element patterns were chosen because they are 
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F(q') = 1 + COS T '  F(T') = 1 + - cos q f  

Sketch (a) 

The primary objective of this report is to give a set of graphs which are 
useful in determining the fluctuation in the far-field pattern for circular 

arrayed antennas. The fluctuation, defined as 20 loglo "", is plotted as a I d  min 

I d  max 

I @I min 
function of circumference in wavelengths Z. The ratio is determined 

by the maximum and minimum magnitudes which are measured in the far field. 
wide range of circumferences was chosen so that the graphs include frequencies 
which permit practical circular arrays for space vehicles. 
wavelengths ranges from 1 to 60 while the number of sources 
from 3 to 70. 

A 

The circumference in 
S or antennas range 

SYMBOLS 

a radius of array 

- 2fia ar - - A 

An, coefficients of Fourier cosine series 

i represents i-source, 1, 2, 3, . . . S 
J S W  ordinary Bessel function of first kind 

j imaginary number, &l 

k wave number, 2n/A 

n integer 
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upper l i m i t  of the  Fourier cosine se r i e s  

integer,  m / s  

number of antennas (sources) 

angular spacing between antennas, 

rectangular coordinates 

circumference i n  wavelengths 

element pa t te rn  

Kronecker d e l t a  (6, = 1 f o r  m = 0 and 6, = 0 f o r  m 0 )  

wavelength 

distance i n  radians between center of array and i-antenna i n  d i rec t ion  

2.lsi/S, radians 

of f a r - f i e l d  point 

f a r - f i e l d  pa t te rn  

angle of f a r - f i e l d  point, radians 

modified angle of f ar-f i e l d  point , radians 

Subscripts: 

max maximum 

min minimum 

DERIVATION OF BASIC EQUATION 

The derivation of t he  t o t a l  f a r - f i e l d  pa t te rn  f o r  a l i nea r  a r ray  of 
antennas which a re  ident ica l ,  equally spaced, and fed  i n  phase i s  one of simple 
geometry; therefore ,  no major d i f f i c u l t i e s  a re  encountered. (See r e f .  1.) For 
the  l i n e a r  array,  a s ingle  a r ray  f ac to r  can be determined; but  i n  a c i r cu la r  
array, a s ingle  a r ray  f ac to r  i s  not obtainable. 
arrangement there  i s  a phase difference which changes as the  number of antennas 
vary. I n  the case of a c i rcu lar  array, t he  general equation of t h e  t o t a l  far- 
f i e l d  pa t te rn  has a solut ion t h a t  i s  of Bessel form. This equation w a s  o r ig i -  
na l ly  deri-ved by Chu. (See r e f .  2.) The calculat ions given by Chu have been 
extended t o  cover values of circumferences and number of sources considerably 
l a rge r  than present ly  available.  

Because of t he  c i r cu la r  
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Sketch (b) shows a c i rcu lar  a r ray  of antennas which are assumed t o  be 
ident ical ,  equally spaced, and fed  i n  phase. The angular spacing between the  
antennas i s  dependent upon t h e  number of antennas under consideration. This 

dependency i s  defined as u i  = - 2fli where S i s  the  number of antennas with 

i = 1, 2, 3, . . . S. By r e s t r i c t i n g  an a r ray  of. radius a t o  the  x,y plane, 
the posi t ion of each antenna can be defined by the  coordinates 
reference t o  the geometric center of the  array.  

s J  
a,fl/2,ui with 

I n  sketch (e )  t h e  f a r - f i e ld  point i s  assumed t o  be i n  the  same plane as 
the array.  
distances *1, q2, $3, . . . *i are: 

From t he  geometry of sketch ( e ) ,  one can readi ly  see t h a t  the  

where ar = = ka i s  expressed i n  radians. The pr inc ip le  of superposition 
A 

i s  applicable t o  the  determination of the  t o t a l  f a r - f i e ld  pa t te rn  i f  t he  in t e r -  
act ion between each element i s  handled properly. 
fo r  S antennas i s  wri t ten as 

The t o t a l  f a r - f i e ld  pa t te rn  

where F(cp') represents t he  s ingle  element pat tern.  Equation (2)  may be s i m -  
p l i f i e d  by assuming the  element pa t te rn  t o  be expressible i n  a Fourier cosine 

which may be wr i t ten  as 

m 

F(cp') = A, cosncp' 
n=O 

where An may be compiex. A s  the  a r ray  i n  sketch ( c )  i s  ro ta ted  i n  the  
cp direct ion,  the  maximum contribution of each antenna t o  the f a r - f i e l d  point 
occurs when the angle cp - u i  vanishes; therefore,  the  angle cp' may be 
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replaced by cp - Ui in the element function F(cp'). With this substitution, 
equation ( 3 )  becomes 

m 

F(cp') = A, cosn((p - ui) (4) 
n=O 

From the preceding assumptions and definitions, a step-by-step procedure is 
given for the derivation of the total far-field pattern. 
(2), and (4),  the expression representing the total far-field pattern is written 
as 

By using equations (l), 

1 

By letting Z = ka and remembering that An is independent of c p ' ,  the pre- 
ceding equation becomes 

From Stratton (ref. 3 ) ,  the expression 

m 

e jz c~s(~p-ui) = 1 (2 - G,)jmJm(Z)cos m(cp - Ui) 
m=o ( 7 )  

enables further reduction. By examining the summation in brackets from equa- 
.tion (6) and using equation (7), the following simplification can be made: 

By letting q = m/S, the preceding equation reduces to 

S 
ejz cOs(cp-ui) = S 2 (2 - 6,)jmJm(Z)cos Sqcp 

i =1 q=o 
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when m/S equals an integer. For all noninteger values of m/S, the summa- 

tions, e and e , equal zero as can be shown by direct 
expansion. By substituting equation (8) into equation ( 6 ) ,  the total far-field 
pattern for S antennas becomes 

j 2rrim s -j2rrim s -  

i =1 i =1 

r 1 

When representing any curve by a Fourier series, a finite number of terms is 
obviously taken; therefore, the upper limit on the Fourier summation has been 
replaced by N. By examining the series representation of the Bessel function, 

2 Jm(Z), it is obvious that within a few terms the series converges provided 

the order of the Bessel function exceeds its argument f o r  a large number of 
antennas. By using this convergence property and assuming that the number of 
terms in the Fourier series is less than the number of antennas, equation (9) 
becomes 

q=o 

N 
@ s An(-jIn &(J0(Z) + 2j S Js(Z)cos Sq)  ' (N < S) (10) 

n=O an 

where 6, is one for q = 0 and zero for q 2 1. Equation (10) is an 
approximation for the total far-field pattern when the circumference in wave- 
lengths Z is less than the number of sources s. 

COMPUTATIONS 

By using equation (lo), the graphs appearing in figures 1 to 3 were 
plotted. To see clearly how equation (10) is used, the far-field equations for 

1 each element pattern, F(cp') = 1, F(cp') = 1 + cos q p ' ,  and F(cp') = 1 + - cos cp' 
2 

are written explicitly. To visualize the element (antenna) patterns, see 
sketch (a). 
are written as follows: 

The total far-field pattern equations for these element patterns 

For F(cp') = 1: 

@ = S(Jo(Z) + 2jsJs(Z)cos Scp) 



For F(cp') = 1 + cos c p ' :  

+ 2jSJs(Z)cos Scp Jo'(Z) + 2jSJs'(Z)cos 

1 
2 For F(cp') = 1 + - cos c p ' :  

+ 2jsJs(Z)cos + 2jsJs'(Z)cos 

where the primes on the Bessel functions denote the first derivative with 
respect to Z. 

Data for the magnitudes of equations (ll), (12), and (13) were calculated 
by machine for the following ranges and incremental changes: 

Az = 0.2 7 iizI60 

As = 1.0 

~ c p  = 0.5 

In addition to these restrictions, the number of antennas must remain an 
integer. For each of the three equations, the magnitudes were calculated as cp 
varied from zero to 2a/S for a particular Z and S. 

By examining the data for each Z and S as cp varied, the ratios of 
maximum to minimum magnitudes were computed manually. The amount of ripple or 

fluctuation in the far-field pattern is defined in decibels as 20 loglo 

is the ratio of maximum magnitude to minimum magnitude. These where 

fluctuations were plotted in figures 1 to 3 as a function of Z f o r  each S. 
Good agreement (within a few tenths of a decibel) was obtained when these 
curves were compared with the curves given by Chu. Table I gives the Z and 
S ranges of the elements used in the computations. 

l@l- 
i @I min' 

I%lax 

CONCLUDING RFSIARKS 

In the omnidirectional case, the fluctuations decrease as the number of 
antennas increases, except at the discontinuities. At these discontinuities 
the fluctuations approach infinity independently of the number of antennas. 
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These undesirable points occur at values of circumference in wavelengths which 
cause the Bessel function Jo(Z) to approach zero. 

In the other two cases, no discontinuities exist since the minimum magni- 
tude is never 
antennas increases but not in the same manner as in the omnidirectional case. 

I J o ( Z )  1. However, the fluctuations decrease as the number of 

The reason for the decrease in fluctuation as a result of the increasing 
number of antennas for both omnidirectional and nonomnidirectional element 
patterns is that the spacing between the elements obviously decreases, and thus 
causes the ripple in the far-field pattern to be smaller. If the spacing 
between elements were made extremely small, the far-field pattern would approach 
a circle. 

In using the derived equation, one must stay within the approximation 
stated; that is, the circumference in wavelengths must be less than the number 
of sources. This require&nt means that the spacing between the sources is less 
than a wavelength. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Station, Hampton, Va., August 5, 1964. 
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TABm I. - RANGES FOR EL;EMENTS 

S Z 

1 Range of - I 

I 
1 to 10 

10 t o  20 
20 to 30 
30 to 40 

50 to 60 
40 t o  50 

F(9') = 1 I 
3 t o  14 

14 t o  26 
21 t o  40 
31 to 49 
43 to 60 
53 to 70 

I F(9') = 1 + cos cp' 

4 t o  14 
11 to 28 
21 t o  39 
32 to 48 
43 to 60 
53 t o  68 

1 to 10 
10 t o  20 
20 t o  30 
30 to 40 
40 t o  50 
50 to 60 

F(9') = 1 + 1 COS cp' 
2 

4 t o  14 
12 to 28 
21 t o  38 
32 to 49 
43 to 60 
53 to 70 

I 

1 to 10 
10 t o  20 
20 t o  30 
30 to 40 
40 to 50 
50 to 60 
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(a) z = 1 to 10. 

Figure 1.- The azimuthal fluctuations of a uniform circular array having the element pattern F(cp') = 1. 
Z = ka. As S increases, the curves asymptotically approach the zero dB level except at the dis- 
continuities. As S decreases, the fluctuations become extremely large. 



(b) Z = 10 to 20. 

Figure 1.- Continued. 
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Figure 1.- Continued. 
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(a) Z = 30 t o  40. 

Figure 1.- Continued. 



(e) 2 = 40 t o  50. 

Figure 1.- Continued. 
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(f) Z = 50 to 60. 

Figure 1.- Concluded. 
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(a) z = 1 to 10. 

Figure 2.- The azimuthal fluctuations of a uniform circular array having the element pattern F(cp') = 1 + cos c p ' .  
Z = ka. The fluctuations become extremely small as S increases and large as S decreases. 
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(b) Z = 10 t o  20. 

Figure 2.- Continued. 
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(c)  z = 20 to 30. 

Figure 2.- Continued. 



10 

9 

8 

4 

3 

2 

1 

L 

. 
(a )  Z = 30 to 40. 

Figure 2.- Continued. 



(e) Z = 40 t o  50. 

Figure 2.- Continued. 
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(f) z = 50 to 60. 

Figure 2.- Concluded. 
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(a) z = 1 to 10. 

Figure 3 . -  The azimuthal fluctuations of a uniform circular array having the element pattern F(cp') = 1 + 1 cos 9'. 
2 

2 = ka. The fluctuations become extremely small as S increases and large as S decreases. 
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(b) 2 = 10 to 20. 

Figure 3.- Continued. 
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( e )  Z = 20 t o  30. 

Figure 3.- Continued. 
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(a) Z = 30 to 40. 

Figure 3.- Continued. 
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(e) Z = 40 t o  50. 

Figure 3 . -  Continued. 
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(f) z = 50 to 60. 

Figure 3.- Concluded. 
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